We propose a new vertex formalism, called anti-refined topological vertex (anti-vertex for short), to compute the generalized topological string amplitude, which gives rise to the supergroup gauge theory partition function. We show the one-to-many correspondence between the gauge theory and the Calabi-Yau geometry, which is peculiar to the supergroup theory, and the relation between the ordinary vertex formalism and the vertex/anti-vertex formalism through the analytic continuation.
Contents 1 Introduction
Supersymmetric gauge theory plays a key role to understand a lot of aspects of string/Mtheory. For example, the 4d/5d/6d supersymmetric gauge theories can be realized as Calabi-Yau compactification of the string/M-theory, so that we can study the string/M-theory duality by the supersymmetric gauge theories. Especially, for the 5d N = 1 SU(N ) supersymmetric gauge theories which can be also embedded into the string/M-theory, we can solve the low energy dynamics according to the Seiberg-Witten theory [1] . Certain classes of 5d N = 1 SU(N ) supersymmetric gauge theories have realization using the (p, q) 5-brane web diagram in type IIB superstring theory. Once we find the brane construction of the theory, its extension is possible by introducing additional stringy objects.
For example, incorporating O5-planes, O7-planes, and (p, q) 7-branes to the web diagram, one can construct the supersymmetric gauge theories with various types of the gauge group, such as Sp(N ), SO(N ), and exceptional groups. The partition function of these theories can be calculated by the localization method in particular for the classical gauge groups [2, 3, 4] .
However, as a more efficient way, we can use the topological vertex techniques developed to calculate the partition function of the topological string theory on non-compact toric Calabi-Yau manifold [5, 6, 7] . Originally, the equivalence of the partition function of 5d N = 1 SU(N ) supersymmetric gauge theory compactified on a circle S 1 and the tooplogical string theory on non-compact toric Calabi-Yau manifold has been proposed in [8, 9, 10, 11] which is now known as geometric engineering. After several efforts, we can calculate the partition function of the 5d N = 1 supersymmetric gauge theories with several gauge groups we mentioned above. Moreover, quite interestingly, we can even express the 6d theory compactified on a torus by the (p, q) 5-brane web with or without orientifold-plane in a sense that we can obtain the elliptic genus of the instanton moduli space engineered in M-theory from the web diagram by the topological vertex techniques [12, 13, 14, 15] . Therefore, the web diagram of supersymmetric gauge theories and the topological vertex computation are compatible, and we can discuss several dualities pictorially and quantatively. For example, through the Hanany-Witten effect by moving (p, q) 7-brane, we find a duality which can be checked by calculating the partition functions from the topological vertex.
Another interesting extension in the gauge theory is the supergroup gauge theories. In the type IIA construction, this gauge theory can be realized by adding negative (ghost) branes [16, 17, 18] . For example, the U(m|n) gauge theory can be realized by the m D4-branes and the n negative D4-branes suspended between two paralell NS5-branes (see also Fig. (5.9) ).
Although the partition function of the supergroup gauge theory has been provided in [19] based on ADHM construction, neither the web diagram description nor topological vertex realization are given.
In this paper, we propose the web diagram description of supergroup gauge theories by introducing anti-trivalent graph, and define anti-topological vertex as an extension of the topological vertex formalism giving the instanton partition functions of supergroup gauge theories. After giving the prescription how to use the new vertex, as a consistency check, we calculate the building blocks of the web diagram, and reproduce the instanton contributions for the vector multiplets, bifundamental multiplets, and fundamental multiplets given in [19] .
Then, as an application, we check the expected ambiguity of the web diagram descrip-tion of supergroup gauge theories. For example, when we consider U(2|1) gauge theory, there are more than two web diagram descriptions. We show that the partition functions calculated from these web diagrams are equivalent under suitable parameter correspondence.
As another application, we consider the relation of the gauge theory with the supergroup and ordinary group which is also discussed in [18, 19] . For simplicity, in this application we consider the unrefined (anti-)topological vertex. Then, we find the explicit relation between anti-topological vertex and usual topological vertex. We also find the relation between the building block of the supergroup gauge theory and the ordinary gauge theory.
The organization of this paper is as follows. In Section 2, we briefly review the supergroup gauge theories and their partition functions. In Section 3, we propose the anti-refined topological vertex and corresponding anti-trivalent graph in the same way as the ordinary topological vertex and its trivalent graph description. Then, in Section 4, we calculate the building blocks of the web diagram, and discuss the ambiguity of the web diagram description of U(2|1) supergroup gauge theories. After that, in Section 5, we consider the web diagram describing the pure supergroup gauge theories, and discuss the relation between the gauge theory with the supergroup and usual group in the unrefined case. Finally we summarize our results and discuss some future works in Section 6. In Appendix A, we summarize some notations and useful formulae.
Supergroup Gauge Theory
In this Section, we briefly review the supergroup gauge theory and the associated supersymmetric localization to derive the partition function.
Lagrangian and instantons
Let G be a Lie supergroup, e.g., G = U(n + |n − ). The dynamical degrees of freedom of the supergroup gauge theory is the gauge field, which transforms under the supergroup action,
Then the G-gauge invariant Yang-Mills action is given by
where "Str" is the supertrace operation, which provides the Killing form for the corresponding Lie superalgebra: For example, the supertrace over the graded vector space C n + |n − = C n + ⊕ C n − is given by Str C n + |n − = Tr C n + − Tr C n − . In particular, for G = U(n + |n − ), the Yang-Mills action consists of positive and negative parts,
where (F µν F µν ) ± schematically denotes the positive/negative contribution of the Lagrangian.
We immediately notice that this action is unbounded since the kinetic term of the negative part has a wrong sign. In other words, the U(n + |n − ) gauge theory is interpreted as a quiver gauge theory with two gauge nodes, (G + , G − ) = (U(n + ), U(n − )), where the off-diagonal components of the gauge field play a role of the bifundamental matters [18, 20, 21, 22, 23] .
The supergroup gauge invariance imposes a constraint on their coupling constatnts (τ + ,
The imaginary part of the physical coupling should be positive, Im τ = 4π/g 2 YM > 0. Once assuming Im τ + > 0, the other must be Im τ − < 0, which is unphysical, due to the supergroup condition.
As well as the ordinary gauge theory, the θ-term and the associated topological configuration, namely the instanton, play an important role in the non-perturbative aspects of the supergroup gauge theory. The ADHM analysis for the supergroup gauge theory shows that we need two non-negative integers to parametrize the topological charge of the instanton [19] ,
4)
where k ± is interpreted as the positive/negative instanton number.
Supersymmetric localization
In the presence of the spacetime supersymmetry, we can further study the non-perturbative aspects of gauge theory. In particular, 4d N = 2 (5d N = 1) gauge theory partition function is obtained through the instanton counting with the Ω-background [2] together with the supersymmetric localization. In the case of the supergroup gauge theory, it turns out to be a double sum over the positive and negative instantons [19] ,
where the instanton fugacity q is given by the complexified coupling q = exp (2πiτ ). The (k + |k − )-instanton contribution for U(n + |n − ) gauge theory is given by
Here we define two sets of partitions
where each λ ± α is a partition obeying the non-increasing condition
The contribution Z λ ± consists of the vector, fundamental and antifundamental hyper multiplet factors, evaluated with the super instanton configuration ( λ + , λ − ), 1
For quiver gauge theory, involving plural gauge nodes, there also exists the bifundamental matter contribution, connecting different gauge nodes. The explicit forms of these contributions are shown in the following.
Vector multiplet We first consider the vector multiplet contribution. In order to write down the formula, we define a set of the dynamical x-variables, 2 which characterizes the instanton configuration instead of the partition,
This implies that the Ω-background parameters are flipped for the negative node similarly to the coupling constant [19] . Then the Chern supercharacter of the corresponding universal sheaf on the instanton moduli space is written in terms of the x-variables,
x∈X ±
x.
(2.13) 1 One can also impose the Chern-Simons term in particular for 5d gauge theory, which we do not consider in this paper for simplicity. 2 In the following, the Ω-background parameter ( 1, 2) will be identified with the refined string coupling constatns, (q, t) = (e 1 , e − 2 ). We also use the notation + := 1 + 2 = log(q/t), which becomes zero in the unrefined situation.
The supercharacter of the virtual class for the vector multiplet is defined
with the dual denoted by Y ∨ , and each contribution has an explicit form in terms of the
Then the full partition function contribution for the vector multiplet is given by
where we apply the index defined, for a given character ch X = X x, 3
Each contribution in terms of the x-variables has an explicit form of
Bifundamental hypermultiplet The bifundamental hypermultiplet contribution is similarly formulated for quiver gauge theory. Let Γ be a quiver Γ = (Γ 0 , Γ 1 ) with sets of the gauge nodes Γ 0 and the edges Γ 1 . We define the Chern supercharacter for the virtual class for the bifundamental hypermultiplet,
where e ∈ Γ 1 is the edge connecting the source node s(e) and the target node t(e); m e is the corresponding bifundamental mass parameter; (Y k ) k∈Γ 0 is a collection of the universal sheaves assigned to each node k ∈ Γ 0 . Define sets of x-variables X k for the node k ∈ Γ 0 .
Then the full partition function contribution is given by
Fundamental hypermultiplet For the fundamental and antifundamental hypermulti-
where the Chern roots for the matter sheaves are given by the fundamental and the antifundamental mass parameters, namely the equivariant parameters associated with the flavor symmetry,
Then the full partition function contribution is given by the index
We remark that these are also obtained from the bifundamental contribution by freezing either the source or the target gauge node. See [19] for the explicit forms of the full partition function contribution in this case.
3 Anti-Refined Topological Vertex
The vertex
Before introducing the new vertex, we briefly review the ordinary refined topological vertex C λµν (t, q) defined in [5, 6, 7] ,
where s µ/η (x) is the skew-Schur function, and λ, µ and ν denote the partitions (Young diagrams), characterizing the boundary condition of the vertex. We summarize the notations, definitions, and useful formulae in Appendix A. The refined topological vertex is depicted as a trivalent vertex ordered in a clockwise way:
where the partitions λ, µ and ν, are assigned to the legs, and two of them have the argument, t or q. We also assign the charge vectors for them. The leg without argument is called the preferred direction. By gluing vertices, we can calculate the refined topological string amplitude on the non-compact toric, and some of non-toric Calabi-Yau geometries. The gluing rule for two vertices is to sum up all the possible partitions (namely, the boundary
whose choice depends on which two legs are used to glue together: We use f µ (t, q) to glue along the preferred directions, otherwise we usef µ (t, q). The weight Q is the Kähler parameter assigned to the edge. The integer n is given by the wedge product of two charge vectors,
The anti-vertex
Now we define a new vertex, that we call anti-refined topological vertex (anti-vertex for short), denoted byC λµν (t, q),
This anti-vertex is essentially the same as the ordinary vertex, but with the replacement (q, t) ↔ (q −1 , t −1 ), which corresponds to the flip of the coupling constant g s ↔ −g s where q = e −gs . This is the reason why we call this the anti-vertex since it has the negative coupling [17] . This is consistent with the gauge theory perspective since these parameters are interpreted as the Ω-background parameter (q, t) = (e 1 , e − 2 ), and a similar flip,
, is necessary for the supergroup gauge theory as seen in Sec. 2.2.
Similarly to the usual refined topological vertex, we introduce the graphical description for the anti-vertex as follows:
The gluing rule between the anti-vertex and the usual vertex, and two anti-vertices are the same as usual since the framing part of the anti-vertex except for the one along preferred direction, t − 1 2 ||µ T || 2 q 1 2 ||µ|| , and the prefactor in the summation, q t 1 2 (|η|+|λ|−|µ|) , are the same as the ordinary refined topological vertex. From these rules, we will calculate the topological string amplitudes, which gives rise to the supergroup gauge theory partition functions.
4 Geometric Engineering of Supergroup Gauge Theories with To begin with, here we consider following chain geometry:
This gives the superconformal theories by gluing N chain geometries along the horizontal lines. The corresponding amplitude is computed by combining the (anti-)vertices,
with the condition µ 0 = µ m+n = ø to the top and bottom external legs. 4 After some computations, 5 we have
where we parametrize the Kähler parameters as follows: where we define the diagonal parts of the building blocks, and off-diagonal parts of the building blocks,
We remark that the contribution shown here is the instanton part, which is a finite contri- In this expression, the numerator Z build {ν i },{ν i } is identified with the full partition function, while the denominator Z build {ν i =ø},{ν i =ø} is the one-loop part, so that their ratio gives rise to the instanton partition function by gluing the building blocks. In addition, the fundamental and antifundamental matter contributions are reproduced by either ν i = ø or ν i = ø for i = 1, . . . , m + n. We can then construct the linear quiver supergroup gauge theory with this building blocks. For example, A k quiver gauge theory, U(m|n) ⊗k , is realized with k + 1 chains (NS5 branes): where we denote the gauge node by and the flavor node by , and all the nodes are associated with U(m|n) group. In addition to the A-type quiver, one can also consider more generic quivers [26] .
One-to-Many Correspondence: Gauge Theory and Geometry
The open string on stack of D-branes gives rise to the non-Abelian gauge field degrees of freedom. In order to obtain the supergroup gauge field, on the other hand, we need the positive and negative branes [16] . Hence, if considering stack of them, we have to take care of the ordering of the branes. where the node denoted by is the fermionic node [27] . The correspondence is as follows:
We assign the ordinary node to the neighboring pair of D4 + -D4 + or D4 − -D4 − branes, and the fermionic node is assigned to the neighboring pair of D4 + -D4 − branes. This argument is also applicable to the external flavor branes.
We check the equivalence among these descriptions (4.12) at the level of the partition function.
(a)
We take the preferred direction along the horizontal lines, so that the partition functions can be decomposed into left and right building blocks. The equivalence between the gauge theories corresponding to the web diagrams (a) and (c) is trivial because of those shapes, so that here we consider the web diagrams (a) and (b). From the results in Sec. 4, we obtain 
whereŽ vect +−,−+ is the shifted contribution by (t/q) ±1 ,
We find the agreement between these partition functions under the following parameter correspondence, where I = 1, 2. To reach the results, we flip the Kähler parameters, e.g.,
(4.17)
In addition to above ambiguities, we also can change the position of flavor brane, which leads to additional ambiguity. For example, we consider following brane set up and corresponding (p, q) 5-brane web diagram as following: We do not repeat the same computation here, but one can show that by setting the Kähler parameters to
1,a = Q
1,a Q
2,a Q
2,a , Q
2,a = Q
3,a = Q
3,a ,
the partition function of (4.18) agrees with (4.14a).
Therefore, we conclude that there are non-unique web diagram descriptions for a supergroup gauge theory, however, all of the descriptions are equivalent in the sense that they provide the the partition functions under the suitable parameter correspondence.
5 Towards Geometric Engineering for Pure Gauge Theories
Building block
To consider more general supergroup gauge theories, especially the pure supergroup gauge theories, we calculate another kinds of chain geometry, constructed by both the ordinary vertex and the anti-vertex given by the following web diagrams with non-trivial boundary conditions along the external lines:
By gluing them along the horizontal lines, we can construct the pure U(m|n) supergroup gauge theories, which is a natural generalization of the U(n) gauge theory [28, 29] . The chain geometry amplitude is written using the vertices,
where we impose λ 0 = µ m+n = ø corresponding to the most top and bottom external lines.
Applying the formulae for the skew-Schur function, we find
where
Similarly, we find the expression for the other case,
.
The product of these building block with a normalization factor,
agrees with the instanton partition function of 5d N = 1 U(m|n) pure gauge theory obtained in Sec. 2.2. The extra factor coming from the framing is identified with the Chern-Simons term in 5d gauge theory.
Here we provide each normalized building blocks, which can be given by Z vect ++,+−,−+,−− , 
where "Rep" denotes the following replacement,
We remark the relation between the web diagram discussed above and the brane setup [18, 19] . It is known that the web diagram is interpreted as the web of (p, q) five branes, and the current setup, associated with 5d N = 1 U(m|n) gauge theory, is T-dual to the Hanany-Witten type configuration for 4d N = 2 theory:
Under this duality, D5 branes are converted to D4 branes in Type IIA theory. The horizontal solid line stands for the positive D4 branes and the dashed line is the negative D4 branes, denoted by D4 + and D4 − , respectively.
Vertex vs. Anti-Vertex
We discuss a possible relation between the ordinary vertex and the anti-vertex. Here we consider the unrefined case t = q for simplicity,
One can show that the anti-vertex is equivalent to the ordinary vertex up to the framing factor,
where f µ = f µ (q, q). Graphically this relation can be expressed as follows:
As mentioned before, the anti-vertex is obtained by flipping the coupling constant, q ↔ q −1 .
The Schur function formula (A.5b) implies that such a flip leads to transposition of the partition λ ↔ λ T , which is similar to the relation between the vertices with clockwise and anticlockwise orientations,
The relation (5.11) (or graphically Fig. (5.12) ) leads to the equivalence of the web diagrams with and without the anti-vertex. For example, we consider the following diagrams:
The left diagram is the chain geometry (5.1), which is the building block for U(2|1) gauge theory. Applying the relation (5.12), we obtain the right diagram which does not contain the anti-vertices. This is not just a coincidence because the Calabi-Yau geometry corresponding to the right diagram is known to be related to the superalgebra gl 2|1 [30, 31, 32] .
More concretely, we can see the equivalence at the level of the building block. It is already given for the configuration (a) in (5.7a), (5.15) and, for the configuration (b), it is given by
By using the analytic continuation formula (A.7), we find the agreement between these expressions.
Summary and Discussion
In this paper, we have proposed a new topological vertex formalism including the anti-vertex, which is motivated by the supergroup gauge theory. We have computed several topological string amplitudes, and shown their agreement with the supergroup gauge theory partition function. We have then pointed out the one-to-many correspondence between the gauge theory and the Calabi-Yau geometry, which is a specific property of the supergroup theory.
We have also discussed the relation between the ordinary vertex and the anti-vertex through the analytic continuation. This is consistent with the known argument on the supergroup theory.
Although we have introduced the anti-vertex and the associated web diagrams, its geometric interpretation is not yet obvious. In order to engineer the SU(n) gauge symmetry, the A n−1 singularity involved in the Calabi-Yau geometry is utilized to reproduce the gauge theory result. This implies that we should consider an exotic singularity, i.e., A m−1|n−1 singularity, to realize the SU(m|n) gauge theory. Actually the Taub-NUT geometry with the negative charge discussed in [18] would be interpreted as an example with such a supertype singularity, which also suggests a super analog of the McKay-Nakajima correspondence [33, 34, 35] . Another issue in the anti-vertex formalism is the framing factor. In this paper, we have mainly considered the situation in which the framing factor does not play a crucial role. In order to apply our formalism to more generic Calabi-Yau geometries, it would be important to provide a precise prescription to fix the framing factor.
We also remark a possible application of the formalism presented in this paper to the quiver gauge theory having the fermionic node, which should be interpreted as the base/fibre dual; S-dual; spectral dual to the situation studied in this paper. It would be interesting to apply the topological vertex/anti-vertex formalism to explore such a new configuration in gauge theory [36, 37, 38] .
In addition to the partition function itself, it is also interesting to study the situation in the presence of the defect operators. For example, the qq-character [39, 40, 41] introduced in gauge theory has a realization using a codimension-4 defect, whose topological string setup has been proposed in [42] . Another important class of the defect, which is a codimension-2 surface defect, can be also discussed in the context of topological string [43, 44, 45] through the geometric transition [46] . It would be a natural generalization to apply this formalism to the present case involving the anti-vertex, and its justification from the gauge theory point of view would be also an interesting issue. A Notation, Definition, and Formulae
A.1 Notation and Definition
Here we summarize the definitions and notations used in this paper. For a given partition λ, we denote the transposed partition by λ T . The refined topological vertex is given by which are the same under the unrefined limit.
A.2 Schur function formulae
The (refined) topological vertex is given using the Schur function. Here we summarize some formulae for the Schur function that we use for the caluculation: To relate the topological string partition function to the Nekrasov partition function, we sometimes use following normalization formulae:
The first formula is frequently used to compare the topological string amplitude with the gauge theory partition function, whereas the second one is particularly used for the antivertex formalism.
A.3 Analytic continuation formula
To show the equivalence of the partition functions of supergroup gauge theories and usual gauge theories, we use following formula, To show the agreement of the partition functions for more than two web diagrams giving U(2|1) gauge theory, we use following formula,
